In this paper, a class of second-order Hamiltonian systems with impulsive effects are considered. By using critical point theory, we obtain some existence theorems of solutions for the nonlinear impulsive problem. We extend and improve some recent results.
Introduction and main results

Consider the second-order Hamiltonian systems with impulsive effects
⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ü (t) = ∇F(t, u(t)), a.e. t ∈ [, T], u() -u(T) =u() -u(T) = ,
where  = t  < t  < t  < · · · < t p < t p+ = T, u(t) = (u  (t), u  (t), . . 
F(t, x) ≤ a |x| b(t), ∇F(t, x) ≤ a |x| b(t)
for all x ∈ R n and a.e. t ∈ [, T].
When I ij ≡  (i = , , . . . , N ; j = , , . . . , p), (.) is the Hamiltonian system
⎧ ⎨ ⎩ü (t) = ∇F(t, u(t)), a.e. t ∈ [, T], u() -u(T) =u() -u(T) = . (.)
In the past years, the existence of solutions for the second-order Hamiltonian systems (.) has been studied extensively via modern variational methods by many authors (see [-] ). http://www.boundaryvalueproblems.com/content/2013/1/151
When the gradient ∇F(t, x) is bounded, that is, there exists g ∈ L  (, T; R + ) such that
∇F(t, x) ≤ g(t)
for all x ∈ R N and a.e. t ∈ and α ∈ [, ) such that
∇F(t, x) ≤ f (t)|x| α + g(t)
for all x ∈ R N and a.e. 
(h) lim |x|→+∞ |x|
Then problem (.) has at least one weak solution.
Theorem B []
Suppose that (A) and the condition (h) of Theorem A hold. Assume that:
(h) lim |x|→+∞ |x|
(h) There exist a ij , b ij >  and β ij ∈ (, ) such that
Let
It is easy to see that F(t, x) satisfies the condition (h) but does not satisfy the condition (h). The above example shows that it is valuable to further improve Theorem A. Let
where C(x) satisfies that the gradient ∇C(x) is Lipschitz continuous and monotone in R N (e.g.,
It is easy to see that F(t, x) satisfies the condition (h) but does not satisfy the condition (h). The above example shows that it is valuable to further improve Theorem B.
In this paper, we further study the existence of solutions for impulsive problem (.). Our main results are the following theorems.
Theorem . Suppose that F(t, x) = H(t, x) + G(x) satisfies assumption (A) and the following conditions hold:
for all x ∈ R N and a.e. t ∈ [, T].
(H) There exists a positive number λ < π  T  such that
for all x, y ∈ R n .
(H)
Then impulsive problem (.) has at least one weak solution.
Remark . Theorem . generalizes Theorem A, which is a special case of our Theorem . corresponding to G(x) ≡ .
Example . Let N = , p = . Consider the following impulsive problem:
where
which is bounded and
Then all the conditions of Theorem . are satisfied. According to Theorem ., the above problem has at least one weak solution. However, F does not satisfy the condition (h) in Theorem A. Therefore, our result improves and generalizes the Theorem A.
for all x ∈ R n .
(H)
for every t ∈ R, i = , , . . . , N ; j = , , . . . , p. Then impulsive problem (.) has at least one weak solution.
Remark . Theorem . generalizes Theorem B, which is a special case of our Theorem . corresponding to G(x) ≡ .
Example . Let N = , p = . Consider the following impulsive problem:
which is bounded from above, and
. Then all the conditions of Theorem . are satisfied. According to Theorem ., the above problem has at least one weak solution. However, F does not satisfy the condition (h) in Theorem B. Therefore, our result improves and generalizes Theorem B.
Theorem . Suppose that F(t, x) = H(t, x) + G(x) and I ij (t) satisfy the assumptions (A), (H), (H), (H) and (H). Furthermore, assume that
(H)
uniformly for all t ∈ [, T]. Then impulsive problem (.) has at least one weak solution. http://www.boundaryvalueproblems.com/content/2013/1/151 Example . Let N = , p = . Consider the following impulsive problem:
Then all the conditions of Theorem . are satisfied. According to Theorem ., the above problem has at least one weak solution. However, F(t, x) is neither superquadratic in X nor subquadratic in X.
Preliminaries
Let H
with the inner product
inducing the norm
is continuously differentiable and weakly lower semi-continuous on H  T . For the sake of convenience, we denote
T is a weak solution of (.) if the identity
It is well known that the solutions of impulsive problem (.) correspond to the critical point of φ.
() φ is said to satisfy the (PS) c -condition on X if the existence of a sequence {x n } ⊆ X such that φ(x n ) → c and φ (x n ) →  as n → ∞ implies that c is a critical value of φ. () φ is said to satisfy the P.S. condition on X if any sequence {x n } ⊆ X for which φ(x n ) is bounded and φ (x n ) →  as n → ∞ possesses a convergent subsequence in X. Remark . The existence of a bounded minimizing sequence will be in particular ensured when φ is coercive, i.e., such that
Lemma . []
Let X be a Banach space and let φ ∈ C  (X, R). Assume that X splits into a direct sum of closed subspaces X = X -⊕ X + with dim X -< ∞ and
where 
Proof of main results
Proof of Theorem . It follows from (H) and Sobolev's inequality that
for all u ∈ H  T and some positive constants C  , C  and C  . By (H) and Wirtinger's inequality, we have Proof Let {φ(u n )} be bounded and φ (u n ) →  as n → ∞. From (H) and Lemma ., we have
for all large n and some positive constants C  , C  and C  . It follows from (H) and Lemma . that
By (.), (.), (H) and Young's inequality, we have
where a = max{a ij , i = , , . . . , N; j = , , . . . , p}, b = max{b ij , i = , , . . . , N; j = , , . . . , p}.
From Wirtinger's inequality, we obtain
The inequalities (.) and (.) imply that
for all large n and some positive constants C  and C  . It follows from (H), CauchySchwarz's inequality and Wirtinger's inequality that
Like in the proof of Theorem ., we get
From (H), we have
Since {φ(u n )} is bounded, from (.) and (.), there exists a constant C such that
for all large n and some constant C  . By the above inequality and (H), we know that {|ū n |} is bounded. In fact, if not, without loss of generality, we may assume that |ū n | → ∞ as n → ∞. Then, from (.) and the above inequality, we have
which contradicts (H). Hence {|ū n |} is bounded. Furthermore, {u n } is bounded from (.) and (.). Hence, there exists a subsequence of u n defined by u * n such that
By Lemma ., we have
On the other hand, we get
It follows from the above equality, (A) and the continuity of I ij that
Thus, we conclude that φ satisfies the P.S. condition. http://www.boundaryvalueproblems.com/content/2013/1/151
Now, we give the proof of our Theorem ..
Proof of Theorem . Let W be the subspace of H  T given by
In fact, for u ∈ W , thenū = , by the proof of Theorem ., we have
Like in the proof of Lemma ., we obtain
By (H) and Lemma ., we find
for all u ∈ W . By (.), (.) and (.), we have
On the other hand, by (H), we get
for all u ∈ H  T . Therefore, from (.) and (H), we obtain
It follows from Lemma . and Lemma . that problem (.) has at least one weak solution.
Proof of Theorem . First we prove that φ satisfies the P.S. condition. Suppose that U n is a P.S. sequence for φ, that is, φ (u n ) →  as n → ∞ and φ(u n ) is bounded. In a way similar to the proof of Theorem ., we have By the boundedness of φ(u n ), (H) and (.), there exists a constant C  such that
